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1.1 Functions of Several
Variables

e |n Calculus 1 we studied the calculus of functions of
a single variable.
Examples:

 In this chapter we extend these ideas of functions
of two or more variables.
Examples:



Functions of One Variable: Revision
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A f is a rule that assigns to each element in
some set D(f) exactly one element f(x) in a set R(f).
The element f(x) is called the value of f at x.

A function can also be visualized an arrow diagram:
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Functions of Two Variables
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A f of two variables is a rule that assigns to

each ordered pair of real numbers (X, y) in a set D(f)
exactly one element f(x, y) in a set R(f).
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« The domain D is a subset of the xy-plane, R?
« Often we write z =1(x, y)




Example 1 For the given functions, state the domain

and evaluate f(3,2)
(@) f(x,y)=x"+2y

(c) f(xy)=e"’

(d) f(x,y)=xIn(y*-x)



Example 2

The Body Mass Index (BMI) is defined to be a person’s

mass (in kilograms) divided by the square of their height
(in metres).

(a) Write a formula for the BMI.

(b) Calculate your personal BMI.

Note: For adults, a BMI of 18.5 — 25 is considered healthy!



A function of two variables can be shown numerically

by a chart. BMI Chart by BodyMassIndexChart.org

Weight [kilograms]
45 50 55 60 65 70 75 80 B85 90 95 100 105 110 115 120 125

140 23 206 28 31 33 36 38 41 43 46 48 51 54 56 59 61 o064
145 21 24 26 29 31 2323 36 38 40 43 45 48 50 52 55 57 39
150 20 22 24 27 29 231 33 236 3B 40 42 44 47 49 51 53 56
155 19 21 23 25 27 29 31 33 35 37 40 42 44 456 48 50 52
160 18 20 21 23 25 27 29 31 32 35 37 39 41 43 453 47 49
165 17 18 20 22 24 26 28 29 31 33 353 37 39 40 42 44 46
170 16 17 19 21 22 24 26 28 29 31 33 35 36 38 40 42 43
175 15 16 18 20 21 23 24 26 28 29 31 33 34 36 38 39 41

180 14 15 17 19 20 22 23 25 206 28 29 31 232 24 35 37 239

Height [centimeters]

185 13 15 16 18 19 20 22 23 25 26 28 29 |31 32 |34 33 @37
190 12 14 15 17 18 19 21 22 24 25 26 28 29 30 32 33 35

195 12 13 14 16 17 18 20 21 22 24 25 206 28 29 320 32 323

Underweight Normal Range Overweight Obese



Functions of One Variable: Revision

A function of one variable can be represented
visually by its graph.

The graph of a function f Is the curve y = f(x)
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Functions of Two Variables

A function f of two variables can be represented by
drawing the graph z =f(x, y). This is a surface.
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Functions of Two Variables

« Drawing 3D surfaces is generally much more
difficult that drawing 2D curves!
 Nowadays it can be done most easily using

computers.
 We will look at a few simple examples of

common surfaces

Example 3

Describe the graph of the function f(x, y) = 3

11



Consider the function f(x,y) =6 —2x — 3y.

* This Is a linear function.
* Linear functions have form f(x, y) = ax + by + c.
* Their graphs are planes

« Planes can be 006) *
sketched quite easily N
by finding the intercepts
with the x, y and z axes.

12



Consider f(x, y) = x.

* Graph has

equation z = xe.

* z does not depend

ony

* Any vertical plane

(y = C) intersects
the surface in a

curve z = x4

- called a trace.

13



2 2

The surface  x* + y9 + 24 =1 is an ellipsoid.

* It is not the graph of a function. (Why not?)

 But the top and
bottom halves are
graphs of functions:

21
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t(x, y):2\/1—x2—% .

b(Xx,y)=-2
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It is often helpful to consider traces. Atrace is the
cross-section of the surface f(x, y) with a plane, such as
X=0,x=c¢,y=0,y=c¢, z=0or z=c.

Z(X, y) = 4x2% + y?

@ What shape are

- % )
. o T &
verycal traces” T i,i!-‘:}
horizontal traces? L1 Ny
, TR

b ||:. Uy 4 -

Most computer-drawn <&
graphs show equally- -
spaced traces.



Example 4 Which function has which graph?

1 ]
F(x,y)= 2 2 ‘?'sz 1
1+x"+y T L -
4.0 | 8 ‘ f -
mm- :

g(X,y)=sinx+siny
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SinX+siny

h(x,y) =




| evel Curves

are another way of visualizing
functions of two variables.

These are traces f(x,y) =k
where K Is a constant L

| evel Curves




Level curves are also called contour plots.
They are commonly seen on maps.
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Functions of Three or More variables

A function f of three variables is a rule that assigns

to each ordered triple (x, y, z) in a domain D(f) exactly
one element f(x, y, z) in a set R(f).

Examples:

Similar definitions can be written for functions of
more variables. However there is no simple way of
visualizing such functions!

20



Example 5

X2

For the function  f(x,y,z)=— —cosz, state the

domain and range and evaluate f(1, 2, 0) and f(0, 1, r).

21



Limits and Continuity: Revision of
Functions of One Variable

* Limits. Remember that for a function f(x),

Lim f (X) =L If and 0n|y If Lim f(x) = Lirq f(x)=L.

X—>X, X—X; X—>X;

l.e. If f(x)—>L as x approaches x, from either above
or below.

* Afunctionf Is continuous at X, If Lim f(x) = f(xy)
X—>X,

« Graphically, a function is continuous where it has
no hole or break — I.e. where it can be drawn
without lifting one’s pen off the paper!

22



Limits and Continuity: Functions of Two
Variables

« For a function f (x,y), we have Lim f(x,y)=L
_ | (X, Y) (X, Yo)
If and only if f(x,y)—>L as (X, y) approaches (X, Yo)

along any path.

* But there are an infinite number of paths by which
(x, y) can approach (xo, ¥o)!

* If the limit obtained by approaching along different
paths is different then this proves that the limit
does not exist (see Stewart 11.2 for examples).

* But how can we prove a limit does exist?
Answer: using continuity ...

23



Limits and Continuity, cont.

A function f(x, y) Is continuous where the surface
has no holes or breaks.

« Where a function Is continuous we have

Lim 1(x,y) =T (X, Yo)
(XY)=(% o)

so the limit at that point exists and can be found
by substitution: | = Lim f (X,y)=f (X01 yo)

(x,y)—>(x0.Y0)

 All the functions which are continuous with one
variable remain continuous with more variables.
(Just watch out for division by zero, square roots,
logs of negative numbers, etc.!)

24



1.2 Partial Derivatives

In Calculus 1 we learned about the derivative of
a function f(x) with respect to x.

What derivative(s) exist for a function f(x, y)?

25



Derivatives of Functions of One Variable -

Revision
Consider function y = f(x).

» The derivative of f(x) at ais: f(a) = [im fa+h)-1f(a)

h—0

h
+ The derivative function is: (x) = ng f(X+hr)]— f(x)

e Alternative notations: dv df d
f(X)=y'=—2="=—f(x)
dx dx dx

* Interpretations of f .
- the slope of the tangent to the graph of f at (x, f(x))

- the Instantaneous rate of change of f(x) with

respect to x
26



Now consider a function z = f(x, y).

We want to retain the idea that a derivative Is a rate
of change ... but now we have two variables x and y
which can change independently, providing an
Infinite number of ways in which f can change ... !
Changing only x or changing only y or changing both
will give different changes in f! So what do we do??

Our approach is to change only one variable at a
time. l.e. we vary x while keeping y constant,
or vary y while keeping x constant.

27



Consider the function z = f(X,y)=2x’y’
We will look near the point (a, b), where a, b are
constants. We will keep y constant and let x vary.

Setting y = b gives T (x,b) =2x°b’

Now this Is really just a function of one variable: x.
We can write:  g(x) = f (x,b) = 2x°b®

And differentiate: 99 — Axh?

dx

At the point (a, b), we get (;_g — 4ab®
X

This called the partial derivative of f with respect
to x. Itis commonly notated ¢ (a,b) = 4ab’

28



We can find the partial derivative of f with respect to
y In a similar way.
First set x = a: f(ay)= 232)’3 =h(y)

Then differentiate with respect to y: % — 6a2y2

dy
So at the point (a, b), we have  f (a,b) =6a’h’

In fact (a, b) can be any (x, y), so we can write partial

derivative functions: .
f (X, y)=4xy

f, (X y)=6xy’

29



Partial Derivatives: Definition
The partial derivatives of a function f(x, y) are:

fL(xy) =lim

f,(x,y) =lim

f(x+hy)—T(xYy)

h

T y+n)-1(xy)

h

Alternative notations: For z =f(x, y)

f.(x,y)=1 =

f,(xy) =1, =

of 0
X ox
of 0
oy oy

oz % |
f(x, y)——X '

____________________

Read" par'hal

____________________

f il
(X, ) ay

30



Finding Partial Derivatives of f(x, y)

* Tofind f, -regardy as a constant
- differentiate f (X, y) with respect to x
» Tofind f, -regard x as a constant
- differentiate f (X, y) with respect to y
Example 6

Given f(x,y)=x’+x’y—y* find f,, f , f (2,1) and f (2,2)

31



Example 7 Gjven f(x,y):x4y+6\ﬁ_1,

evaluate of/ox and of/oy at the point (1,4).

32



Example 8  Find the (first order) partial derivatives

of the given functions.

(@) f(X,Yy)=2sinXx+ Yy’ cos3x

(b) g(u,v):uzlnv+:—2

33



(c) z(x,y)= Zcos(g) eV

2

(@) h(s.) =5

3s

(e) z=\/x2+xy+y2

34



Partial Derivatives of Functions of Three or
More Variables

These are defined in a similar way.
E.g. for a function f(x, y, z) we have

f(x+hy2)-T(xY,2)
h

f (X,y,2)= L'L‘@

l.e. to find f, -regard y and z as constants
- differentiate f (X, y, z) with respect to x

35



Example 9

Find all the (first order) partial derivatives of

T(x,y,2)=xe” In1
Z

36



Interpretations of Partial Derivatives:

(I) Rates of Change

For a function z = f(x, y),

f, re

fy r_e
Z WIt

N respect to y, as x Is held fixed

oresents the instantaneous rate of change of
Z With respect to x, as y Is held fixed
presents the instantaneous rate of change of

37



Example 10

X2

Consider function z= f(X,y)=— near point (2, 5).
» Find f,(2,5) and f,(2,5).
* Is z Increasing or decreasing If we
(1) vary x and hold y fixed?
(i) vary y and hold x fixed?
 In which case does the function change more rapidly?

38



Example 11 A person of mass m kilograms and

height h metres has BMI  B(m, h) :h_n; .
Evaluate B, (55,1.70) and B, (55, 1.70)
and explain their significance.

39



Temperature
°C
15
18
20
22
25
28
30
32
35
38
40

100
17.5
20.2
22.2
24.2
27.5
31.0
33.5
36.1
404
45.1
48.4

How hot we feel depends not only on the air
temperature but also on the humidity. Let T be the actual
temperature (in C) and h the relative humidity (%). The
perceived temperature is I(T, h). From the chart, estimate
the value of 1,(32, 80) and explain its meaning.

90
17.0
19.6
21.5
23.4
26.5
29.9
32.2
34.7
38.7
43.1
46.2

80
16.5
19.0
20.8
22.6
25.6
28.7
31.0
33.3
37.1
411
44 .4

70
16.0
18.4
20.1
21.9
24.7
27.6
29.7
31.9
35.4
39.2
41.9

Relative Humidity (%)

60
15.5
17.8
19.4
21.1
23.7
26.5
28.5
30.5
33.7
37.2
39.7

50
15
17.2
18.7
20.3
22.8
25.4
27.2
29.1
32.1
35.3
37.5

40
14.5
16.6
18.0
19.5
21.9
243
26.0
27.7
30.4
33.3
35.3

30
14
16.0
17.4
18.7
20.9
23.2
24.7
26.3
28.8
31.4
33.2

20
13.5
15.4
16.7
18.0
20.0
22.0
23.5
24.9
27.1
29.4
31.0

10
12.9
14.8
16.0
17.2
19.1
20.9
22.2
23.5
25.4
27.4
28.8

12.7
14.5
15.6
16.8
18.6
20.4
216
2238
24.8
26.5
27.7| 40



Interpretations of Partial Derivatives: (ll) Graphical
For a surface z =f1(x, y), what does f, (a, b) represent?
« We fix y=b and consider f(x,b)=g(x)
= This is a curve which is a trace on the surface f.
EIE 1
100 EIIII

i !
}{E
T 4

« Then we find 3_92 f,(x,b) andevaluate f (a,b)
X

= This is the slope of the tangent to the trace



= « Partial derivatives represent slopes of traces

* f.(a, b) Is the slope of the tangent to the trace

* 1,(a, b) Is the slope of the tangent to the trace

of z = f(x, y) In the plane y = b at the point (a, b).

of z = f(x, y) in the plane x = a at the point (a, b).

EIE
10

.
3
E
-
B
B
B
-
3
B
-
3

42



Example 12

Consider the surface z=f(x,y)=10—4x* -y~ .
Find the slope of the tangent to the trace at the point
(1, 2) In the plane y = 2.

4 4
Trace for z=1 Trace for y=2



Implicit Partial Differentiation

Implicit Differentiation - Revision

Example Given x2+ xy3=ye*, find dy/dx

Summary:
 Differentiate each term with respect to x
- For functions of y use chain rule: i[f(y)]_ f (y)

» Rearrange to form dy/dx = dx

44



Implicit Partial Differentiation

We use a similar method.
E.g. Suppose z is defined implicitly as a function of x

and y. To find 2 :
OX

1. Differentiate each term w.r.t. x
- Treaty as a constant
- For functions of z use chain rule:

0 ., OZ
&[f(Z)]= f (Z)&

2. Rearrange

45



Example 14 Afunction z(x, y) is defined implicitly by

X°z° —5xy*z = x* +Y°. Find 62/6x and 0z/0y.

46



Second Order Partial Derivatives
Consider z = f(x, y).

f, and 1, are both functions of x and y. So we can
differentiate these again, with respect to x ory.
This gives us 4 second order derivatives:

(£ = oo =+ (f) -7

Ox Oa?

9 (Of 0’ f

o (0f O f
(fJ) fﬂ‘ _ O (0U> o amay

o (of\ = O*f
(fy) ftu Oy (0U> — O—UZ

47



Notes

o 0°z |
1. Derivatives such as are called mixed
derivatives OX0y
2. Note the order! () = f. = o (of\ = Of
vee e gy \ox ) Oyox

» -

Here we differentiate w.r.t. x first

48



Example 15
Given zZ=e7°*sin(3y) find

0°7

Oy OX

49



Example 16

Find all the second partial derivatives of
z=f(X,y)=3x"—xe’ +cos(2y)

50



Clairaut’s Theorem , :
0°Z 0°Z

In the previous example we found =
This is not a coincidence! OX0y  OyOX

Theorem

Suppose z = f(x, y) Is defined on a disc D that
contains the point (a, b). If the functions f,, and f,,
are continuous on D then f, (a, b) = 1,(a, b).

51



Higher Order Partial Derivatives

Third and higher order partial derivatives can be
defined in a similar way. For example:

) )2 93
() = (c / ) oy

T Qx \Oyoxr)  Ordydx
() = o [ 0*f B O3 f
s M 9 \0xdy ) 0220y

An extension to Clairaut’s Theorem states that, if all
continuous, f,,(a, b) =1,,(a, b) =1,(a, b) , etc.

52



Example 17

Given f(Xx,y,z)=sin(3x+Yyz), find

o' f

VA

OzOyoOX>

53



1.3 Maxima & Minima

* In Calculus 1, we learnt how to find and identify
maxima and minima (generally known as
“extrema’) for a function y = f(x).

* Here we will do similar work for functions z = f(x, y).

 Remember that there are two types of extrema:
local extrema and absolute extrema. We will look
at local extrema first, then absolute extrema.

o4



Relative Maxima and Minima: Definition

A function f(x, y) has a local maximum (or relative
maximum) at (a, b) if T(ab)=T(x,y)
for all points (x, y) In some region around (a, b).

A function f(x, y) has a local minimum (or relative
minimum) at (a, b) if f(a,b)< f(x,y)
for all points (x, y) In some region around (a, b).




Functions of One Variable: Revision

Remember that for a function y = (x),

* A critical point is a point where f'(x) = 0 or f '(x) does
not exist

 If X = aIs a local extremum then it is a critical point

Remember : Not all critical points are local extrema,
but all local extrema are critical points!

So to find local extrema:

 Find all critical points

« Use the first or second derivative test to determine
whether each point is a local maximum or minimum
or neither.

56



Functions of Two Variables: Critical Points

For a function z = f(x, y), a critical point is where
f,=1f,=0 or f,and/orf, does not exist.

Note: Both partial derivatives must be zero (if they exist).
This corresponds to the tangent plane being horizontal.

horizonial
fempant T = Axp)

plame
p

X l 57



Critical Points & Local Extrema
For a function z = f(x, y),

* If (a, b) Is a local extremum then it is a critical point

Again: Not all critical points are local extrema,
but all local extrema are critical points!

For example, consider the function z =f(x, y) = xy.
We have f,(x,y)=y and f (xy)=x.

So the function has one critical point: the point (0, 0).

By considering the equation or the graph it is clear
that this point is not a local maximum or minimum.
In fact it is called a

58



Z

Xy

z=1(x,)

59




Saddle Point

MUKy in
ong slice

2 = Axr)

iy, m
cothar slice

saddle at (o g
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Example 18

Find the critical points of the function

f(X,y)=X +Yy° +2x—4y+10

61



Example 19

Find the critical points of the function

1
z(X, y) =§><3—><y2 -2y

62



Finding Local Extrema
To find the local extrema of a function z = f(x, y),

1. Find the critical points
2. Test the points to determine whether they are
local maxima, minima or saddle points.

Assuming that the second order partial derivatives
of f are all continuous in some region around the
chosen critical point, we can use a second
derivative test.

63



Second Derivative Test
We define the discriminant of f(x, y) at point (a, b):

D=D(a,b)=1_(a,b)f, (a,b)-[T,(a b)]?

A critical point (a, b) can then be classified as follows:

1. If D>0 and f,(a, b) >0 then the pointis a
ocal minimum.

2. If D>0 and f,(a, b) <0 then the pointis a
ocal maximum.

3. If D<0 thenthe pointis a saddle point.

Note If D =0, this test is inconclusive and other tests
must be used. Such cases are beyond the scope of this
course. -



Example 20 (cf Example 18)

Classify the critical points of the function
\':Meanmg max-\‘i f(Xy)=x"+y*+2x—-4y+10

mm or saddle’

______________________

65



Example 21 Find and classify all the critical points of

the function z= f(X,y)=4+Xx>+y’ —3xy

Ve
e

X
A 4
2
2
7y




Absolute Maxima and Minima: Definition

A function f(x, y) has an absolute maximum (or
global maximum) at (a, b) if f(a,b)> f(x,y)
for all points (X, y).

A function f(x, y) has a local minimum (or relative
minimum) at (a, b) if f(a,b)< f(x,y)
for all points (X, ).

67



Functions of One Variable: Revision

Remember that for a function y = f(x),

* |If f IS continuous on a closed interval (a, b) then it
has an absolute maximum and minimum on (a, b).
* These absolute extrema occur either at critical
points inside the interval or at the endpoints.

So to find absolute extrema on a closed interval, we:

1. Find all critical points
2. Evaluate the function at the critical points and at

the end points.
3. The largest value found is the absolute maximum,

the smallest value Is the absolute minimum.

For functions of two variables, the ideas are similar ...
68



Functions of Two Variables

If a function z = f(x, y) Is continuous on a closed,
bounded set D in R? then it has an absolute
maximum and minimum in D.

« These absolute extrema occur either at critical

points inside D or on the boundary of D.

So to find the absolute extrema of f on D we:

1. Find all the critical points, and evaluate f at these
points

2. Find the extreme values of f on the boundary of D
3. The largest value of f found in (1) or (2) is the
absolute maximum, the smallest value is the
absolute minimum.

69



Notes

« A“closed” setin R?is a set containing all its
boundary points.

 A“bounded” setin R?is a set contained within
some disc — I.e. it is finite In extent.

The main difference from the method for functions
of a single variable Is that instead of end points we
have a boundary. |.e. we have one or more lines
and need to find the extrema of the function on
these lines, using methods from Calculus 1. This
can take some time!

70



Example 22

Find the absolute maximum and minimum values of
the function z=f(Xx,y)=x"—2xy+2y

onthe rectangle D={(x,y):0<x<3,0<y<2}

71



1.4 Total Differentials &
Approximations

72



Linear Approximations: Revision

* The tangent to the curve y =f(x) at x=a has
equation: L(x) = f(a) + f'(a)(x — a)

* L(x) Is called the linearisation of f(x).

_ A
* Near x = a, the curve lies Y
very close to its tangent line,
SO we can use the tangent
line as an approximation to
the curve. o

« The approximation f(x)=L(x) =f(a) +f (a)(x—a)
Is called the linear approximation or tangent line
approximation of f at a. 73



Linear Approximations of Functions of Two Variables

* The linearisation of a function z = f(x, y) Is:

L(x,y) = T(a,

* This is actually t

ne equation

of the tangent plane to the
surface f at the point (a, b).

- It Is the unigue plane
containing the tangent lines
at (a, b) to the traces x=a

andy =Dh.

0) + 1, (a,b)(x—a)+ T, (a,b)(y—b)

12

I
71&&1& 1rmnﬂm o
W AT
‘ *ﬁnwrﬂ'ﬂﬁﬁ@“
-%3#&?&'%%??
\lﬂh“__‘ ri‘!.h !"‘-.'.g:

* f(x, y) = L(X, y) is the linear approximation or
tangent plane approximation of f at (a, b) .
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Example 23

Find the linear approximation of the function
f(x,y)=2x*+y° atx=y=1.

75



Differentials: Revision

For y=1(x), the differential dx Is defined to be an
iIndependent variable: it can take any value.

The differential dy is then defined by dy = f’(x)dx
Consider a change dx = Ax In X.

« dy = f'(x)dx.is the corresponding change in the
tangent line. A

* The corresponding
change in the function, Ay,
may be bigger or smaller
than dy.

/s
For small changes, Ay = dy ///
r,-,' 9



Differentials of Functions of Two Variables

For z =1(x,y), the differentials dx and dy are both
defined to be independent variables.

The (total) differential dz is then defined by

dz = f, (X, y)dx+ 1, (X, y)dx=gdx+gdy
X

0 oy

o . ,/bj" \\ S ——w N,
S pEax, y +4y, O)
= (¢, 3, 0) QY = /

dj 77



Example 24 (a)

@) If z="f(x,y)=5x?+y+y? findthe differential dz.
(b) If (x,y) changes from (1, 2) to (1.05, 2.1), compare
the values of Az and dz.
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One important application of differentials is In
estimating errors.

Revision
 Error = (estimated value) — (actual value)

« Often a more useful concept is percentage error:

error
actual value

Percentage error = x100%




Example 24 (b) 5 right circular cone is measured to

have base radius (10.0 £ 0.1) cm and height (25.0 £ 0.1)
cm. Find the volume of the cone and use differentials to
find the maximum possible error and percentage error in

the calculated volume.
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1.5 Multiple Integrals

In Calculus 1 we studied definite integrals.
These are related to the area under a curve.
Now we will study integrals of functions of two
variables, which are related to the volume
under a surface.
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Revision: Area under a Curve

Example from Calculus 1:

The table gives the values of a function f(x) on [0, 20].
Estimate the value of the integral jozo f (x)dx using
(a) left endpoints, (b) right endpoints, (c) midpoints.

X

5

10

15

20

(%)

1.7

2.2

1.9

1.6
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Revision: The Definite Integral

« Suppose f(x) is a positive function on an interval [a, b].

« We divide [a, b] into n subintervals of width Ax = (b-a)/n .
In each subinterval we choose a sample point x;*.

* Then b L :
A:j f(x)dx=1lim Y f(x*)Ax | is the area
a N—o0 . d h
A = under the curve.
N\ Ax
:\ !
=T | N
N S S| SN
| | T 1 |
A R N R L I
| | Lo || e |
| | | | | | | |
| | B | | | | |
| | B | | | | |
o
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Volumes and Double Integrals

« Now consider a positive function z = f(X, y) on a closed
rectangle, R = {(X,y):a<x<b,c<y<d}
* What is the volume of the solid lying under the surface f

on R?

e We divide a<x<b
INto m subintervals of
width =
AX = b-a
m
« We divide c<y<d
INnto n subintervals
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y Xu*] *x
| ( i Y ) . In each sub-rectangle we

d =¥, * *
/ choose a sample point (X, Y;)

| |
| | | =4

* The volume under surface f
above each sub-rectangle can -
be approximated by a thin
rectangular box with base area AA = AXAy

and height (x.*, y;¥), giving volume f(X;*

y|j *) AA .

ij ! iy !

So the total volume is V ~ ZZ f (%™, Y ™) AA.

=1 j=1 85



Ve f(x*y,;*)AA

Notes i=1 j=1

1. The double sum means

- Evaluate f at the chosen point in each sub-rectangle
then multiply by the area of the sub-rectangle

- Add the results for all rectangles.

2. Volumes can be estimated numerically using this
idea. In particular, if we take the sample point to be
(a) at the midpoint of each sub-rectangle, notated

(X,Y;), we get: v sz(z,y ) AA.

=1 j=1
(b) at the upper, right corner of each sub-rectangle,

(X, Y;), we get: V %ZZ (%, y;)AA

i=1 j=1 86



Then we expect: \V = Lim ZZ f (Xij*, yij*)AA
M=o =1

It can be formally proved that this is the volume.
Similar limits also occur in other situations. So In
general, the double integral of f over the rectangle R
IS defined as

HR f(x,y)dA= Lim ZZ F (%%, Yy ) AA

M= 51 =1

This represents the (signed) volume of the solid that
lies under the surface f(x, y) above the region R in the
Xy-plane.
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Example 25

The table gives the values of a function f(x, y) defined
on R =[1, 3] x [0, 4]. Estimate | jR f(x,y)dA using

(a) midpoints, n =m = 2,

(b) sample points furthest from the origin, n =m = 4.

X by 0 1 2 3 4
1.0 2 0 —3 —6 =
1.5 3 1 —4 —8 —6
2.0 4 3 0 == —~8
2.5 3 5 3 —1 —4
3.0 7 8 6 3 0
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lterated Integrals

 Evaluating double integrals directly from the

definition Is not easy!
« Many double integrals can be written as iterated

Integrals which can be found by evaluating two single
Integrals.

___________________________

Fubini’'s Theorem: v/- rectangular regions!

If 2 = f(z,y) Is continuous on R = |a,b|] x |c,d] then

/ flx.y) = /* (fr f{m,y}dy) dx
d -rIJ
= / ( f(fmy)dr-) dy

————————————————————————————

SN

_/

These integrals are called iterated integrals.
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. . b od
First consider / f fla,y)dA = / ( / f(x,y) f/f,)ff.r
R il g

vl
1) / flx.y)dy means ¢ xis held fixed
e * fis Iintegrated with respect
toyfromy=ctoy=d
This procedure Is called partial integration.
The result is a function of x.

2) The second step is to integrate that function w.r.t.
X fromatob

d b
Similarly, f (] /) ”F"') " means integrate f w.r.t.
X with y held fixed. This gives a function of y which is
then integrated w.r.t. y. o



Example 26

Verify Fubini’s theorem for f(x,y) = 3xy? + 1
on R =1, 3] x [0, 2] by evaluating

@ [ [ 3xy*+1dydx  (b) [ [ 3xy? +Ldxdy

91



Note that there are two ways of doing these integrals.
Sometimes one way Is easier:. choose carefully!

Example 27

Evaluate the following integrals

(a) ”F% dA, R =[0,1]x[1 2]

(b) j jR xe¥ dA, R=[-1,2]x[0,1]
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Separable Integrals

Consider the special case f(X,y)=g(x)h(y) .
e roon =L ([ g0oney) dy)ax

In finding the inner integral, X Is treated as a constant
SO we can write

I foey= Ib 9(X)( Ld h(y) dy)dx

The inner integral also yields a constant so we can
write b d
1T, f o) =( I, 900ax)- ([ heyay)

l.e. In this special case, the double integral can be
written as the product of two single integrals.
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Example 28 (cf Example 27a)

Evaluate the following integral by writing it as the
product of two single integrals:

HRg dA, R =[0,1]x[12]
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Double Integrals over General Regions

Consider I f(x,y) dA where D is any (bounded) region
on which f(x y) IS continuous. There are two basic types of
region.

A type | region lies between the graphs of two
functions of x: D={(x,y):a<x<b,g,(X)<y<0g,(X)}

Y
Then - -~

j jD f(x,y)dA
= J‘:(J‘gg:((x? f(X,Y) dy) dx

V=g, (x)

-__-__ (
\
.
.
-
- N
|
- ..'-'-
—r
-
-~ I

ol

y=glx)
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A type |l region lies between the graphs of two
functions ofy: D ={(x,y) :h(y) <x<h,(y),c<y<d}

Then o
”D T(x.y) :L (I U (x y)dx)dy

h (y)

1A



Example 29 Evaluate the following integrals:

(a) HDeX/y dA, D={(x,y)|y<x<y’1<y<?2}
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(b) ijx2+i2dA, D={(x,y)|1<x<?2, 1. y < x}
y X

98



(c) HD (x+2y)dA where D is the triangle with vertices
at (0, 0), (1,0) and (0, 1).
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(d) Find the volume under the surface f(X,Yy)=Xxy
above the region of the xy-plane bounded by y =0,
x=1andy = x2

100



Some double integrals can be done Iin either of two
ways, some are easier one way than the other, some
can only be done one way. The order of integration
can often be changed by sketching the region.

16l . 5
Example 30 | :jo.xsm(y )dy dx

For the given integral, sketch the area of integration,
then evaluate by changing the order of integration.
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Properties of Double Integrals

O
L[| [FOen+g(y]dA= [ f(x y)dA+[[ g(x y)dA

2 HDcf(x,y)dAzc”Df(x,y)dA

3. IfD=D,uD, then
HD F(xy) dA:Ile f(X,y) dA+HD2 f(x,y)dA

4. HDdA: area of region D

102



Triple Integrals

Consider a function f(x, y, z) continuous on a box
B={(X,y,2):a<x<h, c<y<d,e<z<f}

Similar to double integrals, we can define a triple

integral
j f(x,y,z)dV = Lim Zzzf(xuk Vi ™ 23 *) AV

m,n, p—oo i1 _1 kel

Such integrals are similarly evaluated using “partial
integration” — integrating with respect to one variable
while holding the other two variables constant.

Integrals over general 3D regions can also be found
— although establishing the appropriate limits in x, y

and z can be challenging! ;
10



Example 31 Evaluate j_” —+e dy where

B= {(x,y,z).Ongl, 1<y<e,0<z<In2}.
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